This paper presents a method for measuring damping in single-degree-of-freedom oscillators where the damping ratios may vary with time, displacement, or velocity. The test structure was a micro plate suspended by folded springs. The base of the structure was initially excited by a piezoelectric transducer and then oscillated freely. The oscillation velocity of the plate was measured with a laser Doppler vibrometer and a microscope. Based on the Hilbert transform, a data processing technique was derived to calculate the damping ratio from the time-domain free response data. The technique was applied to obtain damping ratios of the test structure from the measured velocity. The result was a linear damping ratio and a nonlinear part of damping which appears to be a function of the oscillation phase.
Non-linear damping ratio, dimensionless

Introduction
Damping is very important in microelectromechanical system (MEMS) oscillators. Damping determines the quality of MEMS accelerometers, radio-frequency (RF) MEMS switches, MEMS gyroscopes, etc. Because the quality factor Q is inversely proportional to damping, high quality oscillators require damping to be as low as possible. In many sensors, damping determines important performance parameters such as response time and overshoot. Damping can suppress vibration, even eliminating resonance at certain modes. Damping in MEMS is often dominated by squeeze film effects, which is much simpler to model and predict than damping caused by the solid structure. Hence, many damping-predicting models have been developed by other researchers [1, 2] and used widely for designing MEMS devices. However, measurement of damping in MEMS has not been as extensively explored as the modeling. Published measurements [3, 4] have not addressed the nonlinearity inherent to the variation of the thickness of the squeezed film gap throughout the oscillation cycle. This paper presents a method for obtaining oscillation frequency and damping in a single-degree-of-freedom (SDOF) MEMS oscillator, where the natural frequency and damping ratios may vary with time, displacement, or velocity. This technique is then applied on a micro plate test structure. Response velocity was measured with a laser Doppler vibrometer (LDV) and a microscope. The oscillation frequency and time-varying damping ratio were obtained from the measured velocity.
The method proposed in this paper is based on a simple application of the Hilbert transform. For analyzing test data from the structure discussed here, this method is more suitable, more robust, and considerably easier to apply than methods in the literature. For example, the method in [5] is vulnerable to numerical noise, especially noise introduced by double differentiation of the time-domain data. The method in [6] is geared towards many degrees of freedoms. The case discussed here is shown to be a single degree of freedom oscillation with mild nonlinearity.
Curve Fitting the Free Decaying Response
For an underdamped linear SDOF oscillator, the free decaying velocity response to an initial condition is
(
The decay rate
is a constant because both the damping ratio and the natural frequency are constant. If the damping ratio or the natural frequency is not constant, then the free decaying velocity response may be written as
Consider the oscillating part
may be time-varying. That frequency is the product of the natural frequency ω n and some function of damping ζ. If the natural frequency ω n is constant, then the damping ζ may be time-varying. Now consider the decaying envelope
The best linear estimate of ζω n can be obtained by curve-fitting the measured free decay response data. A linear response can then be synthesized and subtracted from the measured response data to obtain the nonlinear response. That data processing method, based on the Hilbert transform, is described in the following.
The Hilbert transform of a signal v(t) is defined as
where the integral is evaluated as a Cauchy principal value to avoid singularities at t=τ and at
For the signal in Eq. (3), it can be shown that the magnitude of the analytic representation is the envelope of the signal, i.e.
( )
Therefore, the decay rate ζω n can be obtained from the free decaying response v(t) measured at t=t 0 , t 1 ,…, t N-1 , by finding the least-squares solution to
For the signal in Eq. (3), it can also be shown that phase angle of the analytic representation is the phase φ of the free decaying response signal. For an oscillation with a constant frequency ω d ,
The damped oscillation frequency ω d can be obtained from the above equation and time differentiation in Eq. (5). In practice, however, the noise introduced by the differentiation process can be greater than the resulting ω d itself. A way to avoid that noise is by finding the least-squares solution to
Curve fitting in Eq. (8) gives ζω n , the product of damping and natural frequency. Separating the damping ζ and undamped natural frequency ω n is somewhat problematic. For pure viscous damping, the value of the damped oscillation frequency from Eq. (11) could be used by virtue of the relationship
Unfortunately, for the case of squeeze-film damping, which often is the most important part of damping in MEMS oscillators, the above relationship does not hold. The squeezed fluid film gives extra stiffness to the structure. The damped oscillation frequency has been shown theoretically and experimentally to be higher than the undamped natural frequency, albeit slightly even for high damping [4] . Therefore, an estimate is made that
With the above estimate, the damping ratio ζ can be obtained after curve fitting in Eq. (8). The error will be a negligibly small fraction of the value of ζ.
Experiment
Figure 1(a) shows a solid model of the micro plate test structure used for this study, and how it was oscillated by the PZT shaker. The test structure consisted mainly of a plate suspended by four folded-beam springs. One end of each spring supports the plate; the other end is anchored to the substrate. The structures were made of electro-deposited gold. The width of the plate was 143μm. A piezoelectric PZT transducer shook the substrate with vertical displacement. As a result, the plate oscillated vertically, expanding and squeezing the air layer between the plate and the substrate. The suspension springs flexed and provided restoring forces to sustain the oscillation. The measured operational deflection shape in Fig. 1(b) shows that in the fundamental excited mode the plate oscillated vertically while staying parallel to the substrate. The experimental setup used for this testing is shown in Figure 2 . A laser Doppler vibrometer coupled with a microscope measured the velocity at the center of the plate. The spot size of the laser was about 1 μm. Prior to the work discussed in this paper, a linear experimental modal analysis (EMA) had been done. The EMA was done with swept-sine base excitations from 1kHz to 200kHz, scanning seventeen points throughout the structure, in vacuum below 1mT. Modal parameter estimation gave natural frequencies of f 1 =16910Hz, f 2 =27240Hz, and f 3 =33050Hz. The mode shapes are practically identical to the operational deflection shapes shown in Fig. 1(b) and Fig. (3) .
For the experiments discussed in this paper, the base excitation was a narrow-band burst chirp sweeping frequencies from f 1 -50Hz to f 1 +50Hz.
The LDV measured the velocity of the center of the plate. That point was on the nodal lines where the two higher modes shown in Fig. 3 had zero or minimal contribution, even if they were excited at all. Each time-window started with a buildup of the plate response from zero, followed by a sudden cessation of the excitation, and ended with a free decaying oscillation. The time window was long enough to ensure that the response died down below the noise floor before the end of the time window. Sixteen time windows were averaged to obtain the time-domain record of the plate velocity. The sampling rate was 1.28 Msamples/s. The number of points N was 65536. 
Application of the Method
The plate velocity measured at P=2.9Torr is shown in Fig. 4 . The high number of cycles obviously prevents the figure from showing the oscillations, but the figure does show the growing and then decaying envelope. Henceforth, only the decaying part of the velocity will be used. To obtain the envelope function (Eq. (7)) that is not distorted by offset, drift and high-frequency noise, the velocity is filtered with a high-pass fourth-order Butterworth filter with a cutoff frequency of 6kHz, and a low-pass fourth-order Butterworth filter with a cutoff frequency of 200kHz. The discrete Fourier spectra in Fig. 5 show that the filtered velocity is practically the same as the raw velocity, but without the DC and low-frequency (drift) components. The spectra show a damped sinusoid with a peak at f d =16921Hz. (The frequency resolution is 25.218Hz .) The higher modes at f 2 =27240Hz, and f 3 =33050Hz (Fig. 3) did not contribute to the measured velocity. Harmonics at 2f 1 , 3f 1 , etc indicated that the oscillation might be non-linear. 10)). The top graph in Fig. 7 shows that the phase angle of the analytic function appears quite smooth. In fact, the plot is visually indistinguishable from the straight line resulting form the linear least-squares fit. However, that visualization is misleading. The bottom graph in Fig. 7 demonstrates that the time derivative of the seemingly smooth phase is extremely noisy; and the noise grows tremendously with time. In fact, the plot is stopped at t=10ms to prevent the scaling from burying the detail. Thus, the slope is taken from the linear fit (Eq. (10)), which gives ω d =106390rad/s, or f d =16933Hz. That oscillation frequency is very close to the natural frequency from linear EMA, which was f 1 =16910Hz.
To obtain the damping ratio, the curve-fitting in Eq. (8) was done and gave the decay rate shown in Fig. 8 . The fit appears very good. With the decay rate ζω n known, and the natural frequency ω n obtained from Eq. (12), the damping ratio ζ is obtained and shown in Fig. 9 as a function of time. The mean of ζ is then taken as the estimate of the linear damping ratio ζ lin . The deviation from that mean is the component of the damping that varies with time, i.e. 
Conclusions
The measurement and data processing technique resulted in accurate estimates of oscillation frequency and linear damping ratios. Analytically, the oscillation frequency is simply the time derivative of the phase angle of the analytic representation. However, differentiation with time resulted in unacceptably large noise. Curve fitting of the phase angle can be done to obtain a very close representation of the phase angle as an analytical function of time. Then the oscillation frequency can be obtained as the analytical derivative of that representation. Similarly, linear damping ratio can be obtained by curve-fitting the decay envelope. Application of that method has revealed the nonlinear part of damping as a function of time, or phase in the oscillation cycle, which is related to velocity, displacement, and instantaneous thickness of the squeezed film between the plate and the substrate. 
